For (A,m) a local ring, we study the natural map from the Koszul cohomology module H dim A (m; A) to the local cohomology module H dim A m (A). We prove that the injectivity of this map characterizes the Cohen-Macaulay property of the ring A. We also answer a question of Dutta by constructing normal rings A for which this map is zero.
INTRODUCTION
Let A be a complete local ring. Using the Cohen structure theorem, A can be written as the homomorphic image of a complete regular local ring; this surjection may be factored so as to obtain a complete Gorenstein local ring R, such that A is the homomorphic image of R, and dim R = dim A. With this setup, Dutta [Du, page 50] asked: Question 1.1. Let A be a complete normal local ring. Let (R, m) be a Gorenstein ring with a surjective homomorphism R −։ A, such that dim R = dim A. Then, is the natural map (1.1.1) Ext n R (R/m, A) −→ H n m (A) nonzero, where n denotes the dimension of A?
We prove that the answer to the above is negative in the following strong sense: we construct a complete normal local ring A such that for each Gorenstein ring R with R −։ A and dim R = dim A, the map (1.1.1) is zero. Our approach is via studying a related question on maps from Koszul cohomology to local cohomology: Let z z z := z 1 , . . . , z t be elements of R that generate an m-primary ideal. Let P • be a projective resolution of R/m as an R-module. The canonical surjection R/z z zR −։ R/m lifts to a map of complexes
where K • (z z z; R) denotes the homological Koszul complex. Applying Hom R (−, A) to the above and taking cohomology, one obtains the map (1.1.2) Ext n R (R/m, A) −→ H n (z z z; A), where H n (z z z; A) denotes Koszul cohomology. The map (1.1.1) factors as a composition of (1.1.2) and the natural map from Koszul cohomology to local cohomology (1.1.3) H n (z z z; A) −→ H n m (A); the map above is described explicitly in §2. Note that in (1.1.3), the ring R no longer plays a role: the elements z z z may be replaced by their images in A; likewise, the maximal ideal of R may be replaced by that of A. In Theorem 3.2 we construct normal graded rings A for which the map (1.1.3) is zero; localizing at the homogeneous maximal ideal and taking the completion, one obtains examples where the answer to Question 1.1 is negative. L.M. was supported by NSF Grant DMS 1901672, A.K.S. by NSF grant DMS 1801285, and U.W. by the Simons Foundation Collaboration Grant for Mathematicians 580839; A.K.S. thanks Purdue University and his coauthors for their hospitality. The authors are grateful to Srikanth B. Iyengar for his comments. Quite generally, for (A, m) a local ring and n := dim A, we prove that the injectivity of the natural map H n (a; A) −→ H n a (A) for some (or each) m-primary a is equivalent to the ring A being Cohen-Macaulay, Theorem 3.1; here, and in the sequel, we use K • (a; A) to denote the cohomological Koszul complex on a minimal set of generators for an ideal a, and H • (a; A) for its cohomology. In §2 we record definitions and preliminary material. While §3 is largely devoted to the injectivity of the map H n (m; A) −→ H n m (A), §4 investigates the nonvanishing and the kernel. Theorem 4.2 records a case where we obtain precise information on the kernel of the map H n (m; A) −→ H n m (A), that we then illustrate with several examples, including some involving Stanley-Reisner rings, §5.
The motivation for Dutta's question stems from an investigation of Hochster's monomial conjecture [Ho1, page 33] ; rephrased, this states that for each local ring A and system of parameters z z z := z 1 , . . . , z n , the map ϕ n z z z : H n (z z z; A) −→ H n z z zA (A) is nonzero. By André [An] , this is now known to be true for all local rings, see also [Bh] .
All rings under consideration in this paper are Noetherian; by a local ring (A, m), we mean a Noetherian ring A with a unique maximal ideal m.
GRADED KOSZUL AND LOCAL COHOMOLOGY, AND LIMIT CLOSURE
We record some preliminaries on Koszul and local cohomology; the discussion below is in the graded context, in the form used in the proof of Theorems 3.2. Ignoring the grading and degree shifts, one has similar statements outside of the graded setting.
Let A be an N-graded ring, and z a homogeneous ring element. Then one has a degreepreserving map from the Koszul complex K • (z; A) to theČech complex C • (z; A) as below:
For a sequence of homogeneous elements z z z := z 1 , . . . , z t , one similarly has
For each m 0, the induced map from Koszul cohomology to local cohomology modules
is degree-preserving, and what we refer to as the natural map. For homogeneous elements z z z and w in A, one has a commutative diagram with degree-preserving maps and exacts rows:
n := dim A, and fix a homogeneous system of parameters z z z := z 1 , . . . , z n for A. The map ϕ n z z z : H n (z z z; A) −→ H n z z zA (A) then takes form
Following [HS, §2.5] , the limit closure of the parameter ideal z z zA is the ideal (z z zA) lim := {x ∈ A | xz j 1 · · · z j n ∈ (z j+1 1 , . . . , z j+1 n )R for j ≫ 0}. Using (2.0.2), it is readily seen that (z z zA) lim /z z zA is the kernel of ϕ n z z z : H n (z z z; A) −→ H n z z zA (A). It follows that (z z zA) lim is unchanged if one takes a different choice of minimal generators for the ideal z z zA. When z z z is a regular sequence, it is easily checked that (z z zA) lim = z z zA. y, ix, iy] , which is a subring of the polynomial ring C[x, y]. Then A is a standard graded ring, with homogeneous system of parameters x, y. Since For a ring A that meets the conditions above, the answer to Question 1.1 is negative: let z z z := z 1 , . . . , z n be a system of parameters with (z z zA) lim = m, and take R as in Question 1.1.
where the containment above holds since A is not regular. Since H n (z z z; A) −→ H n m (A) has kernel (z z zA) lim /z z zA = m/z z zA, it follows that Ext n R (R/m R , A) −→ H n m (A) must be zero.
INJECTIVITY OF THE MAP FROM KOSZUL TO LOCAL COHOMOLOGY
We begin with a characterization of the Cohen-Macaulay property:
Theorem 3.1. Let (A, m) be a local ring; set n := dim A. Then the following are equivalent:
(1) The ring A is Cohen-Macaulay.
(
Suppose a is an m-primary ideal. We claim that there exists a minimal generating set z 1 , . . . , z t for a such that z 1 , . . . , z n is a system of parameters. For i < n, it suffices to choose an element z i+1 , not in any minimal prime of (z 1 , . . . , z i )A, such that
This may be accomplished using the version of prime avoidance where up to two of the ideals need not be prime, see for example [Ka, Theorem 81] .
Assume (1). Suppose z z z generates an m-primary ideal, and w ∈ m is an additional element. Using (2.0.1), the vanishing of H n−1 (z z z; A) implies that the map
Hence the proof of (2) reduces to the case where a is generated by a system of parameters z z z. But then z z z is a regular sequence, and the injectivity follows.
It is immediate that (2) implies (3). Next, assume (3), i.e., that a is an m-primary ideal and that H n (a; A) −→ H n a (A) is injective. We first consider the case where a is generated by a system of parameters z z z. The injectivity translates as (z z zA) lim = z z zA. Using e(z z zA) to denote the multiplicity of the ideal z z zA, one has e(z z zA) ℓ(A/z z zA), with equality holding precisely if A is Cohen-Macaulay, see [BH, Corollary 4.7.11] . But
by [MQS, Theorem 9] , so A is Cohen-Macaulay.
For the general case, take a minimal generating set z 1 , . . . , z t for a such that z 1 , . . . , z n is a system of parameters. Suppose n < t. Using (2.0.1), one has a commutative diagram
is injective, and hence that multiplication by
The next theorem provides a large class of rings for which the answer to Question 1.1 is negative; while the rings below are graded, the relevant issues are unchanged under localization and completion. 
Let m denote the homogeneous maximal ideal of A. Then the following are equivalent:
(2) The polynomial f (x x x) has degree less than b.
Proof. Regarding the normality of A, note that B ⊗ k C is a polynomial ring over B, hence normal; it follows that its pure subring A is normal as well. The dimension of A and the equivalence of (1) and (2) may be obtained from the Künneth formula for local cohomology [GW, Theorem 4.1.5] . Note that (1) and (3) are equivalent by Theorem 3.1, and that (3) trivially implies (4).
Set d := deg f (x x x) and assume that d b. To complete the proof, we show that the map
is zero. Fix the polynomial ring
with the k-algebra surjection π : S −։ A, where z i j −→ x i y j . We work with the standard Ngradings on S and A, i.e., deg z i j = 1 = deg x i y j . Note that the minimal generators for ker π have degree 2 and degree d, with the degree 2 generators being
Specifically,
where I 2 (Z) is the ideal generated by the size 2 minors of the matrix Z := (z i j ). The Künneth formula gives
The images of z z z := z 11 , . . . , z bc are minimal generators for m, so it suffices to show that
where the nonzero entries of the matrices for α and β are linear forms in the z i j . The condition j −c implies that b + c − 1 + j b − 1 d − 1. In light of (3.2.1), it follows that the cohomology of (3.2.2) coincides with that of
But the Koszul cohomology module H b+c−2 (z z z; S/I 2 (Z)) is zero since S/I 2 (Z) is a Cohen-Macaulay ring of dimension b + c − 1.
NONVANISHING OF THE MAP FROM KOSZUL TO LOCAL COHOMOLOGY
Let (A, m) be a local ring; set n := dim A. Theorem 3.1 characterizes the injectivity of the map ϕ n m : H n (m; A) −→ H n m (A). We next discuss when this map is nonzero. A canonical module for a local ring (A, m) is a finitely generated A-module ω A with
where E is the injective hull of the residue field A/m in the category of A-modules. The canonical module of A-when it exists-is unique up to isomorphism. Suppose A is the homomorphic image of a Gorenstein local ring R. Then
is an A-module satisfying the Serre condition S 2 , and is a canonical module for A.
A local ring A is said to be quasi-Gorenstein if it is the homomorphic image of a Gorenstein local ring, and ω A is isomorphic to A. Using André's Theorem [An] , one obtains: Proof. Since the direct summand conjecture is true by [An] , the local ring A satisfies the canonical element property, see [Ho3, Theorem 2.8] . By [Ho3, Theorem 4.3] , this is equivalent to the map Ext n A (A/m, ω A ) −→ H n m (ω A ) being nonzero. This map factors as
is nonzero. The next theorem records an interesting case where we have substantial information on the kernel of the map H n (m; A) −→ H n m (A). Theorem 4.2. Let A be a standard graded ring that is finitely generated over a field k := A 0 . Set n := dim A and e := edim A, and let m denote the homogeneous maximal ideal of A. Suppose there exists an integer d such that for each integer j with j < n, one has (2) If a is an m-primary ideal that is minimally generated by r homogeneous elements, each of degree t, then the kernel of H n (a; A) −→ H n m (A) has Hilbert series
Proof. It suffices to prove the second assertion. Fix minimal generators z z z of a. The Koszul complex K • := K • (z z z; A) takes the form
− −− → 0, and lives in cohomology degree 0, 1, . . . , r.
Let ω • A be the graded normalized dualizing complex of A, in which case ω A = H −n (ω • A ) is the graded canonical module of A. Set (−) ∨ = Hom A (−, * E), where * E is the injective hull of A/m in the category of graded A-modules. Applying R Hom A (K • , −) to the triangle
Since the complex K • has Artinian cohomology, applying the functor (−) ∨ gives
This induces the exact sequence
, where the zero on the left is because R Hom A (K • , ω A [n]) ∨ lives in cohomological degrees n, n + 1, . . ., n + r. The module H n (R Hom A (K • , ω A [n]) ∨ ) is the kernel of the map H n m (A) − −− → H n m (A)(t) ( r 1 ) given by multiplication by z i in the i-th coordinate. It follows that
The map H n (K • ) −→ H n (R Hom A (K • , ω A [n]) ∨ ) may be identified naturally with H n (a; A) −→ 0 : H n m (A) a, which has the same kernel as H n (a; A) −→ H n m (A) since H n (a; A) is annihilated by a. Summarizing, one has
for each integer j with j < n implies that R is Buchsbaum, see [Sch, Theorem 3.1] . Acknowledging the abuse of notation, we reuse the symbol k below for the residue field A/m. By [Sch, Theorem 2.3 
of graded k-vector spaces, each in degree −d, with zero differentials; note that k s j in the complex above has cohomology degree − j. Using this representative of τ >−n ω • A to compute R Hom A (K • , τ >−n ω • A ) ∨ , the corresponding double complex takes the form:
Note that all differentials are zero: the horizontal ones in light of the chosen representative for τ >−n ω • A , and the vertical ones since each column is a Koszul complex of the form K • (a; k s j )(−d). The bottom row sits in cohomology degree 0, 1, . . . , n − 1 as it is the graded dual of τ >−n ω • A . Taking the total complex, one obtains
We illustrate the preceding results with a number of examples, beginning with an elementary example taken from [Du, Remark 3.9 
]:
Example 4.3. Let k be a field. Set A := k[x, y]/(x 2 , xy). Then H 0 m (A) = xA, which is a rank 1 vector space, concentrated in degree 1. By Theorem 4.2, ker H 1 (m; A) −→ H 1 m (A) has rank 2, and is concentrated in degree 0. This is confirmed by examining K • (m; A) , i.e.,
to observe that H 1 (m; A) ∼ = k 2 , with the generators corresponding to 0 x , 0 y , and that each of these maps to zero under H 1 (m; A) −→ H 1 m (A). For integers t 2, Theorem 4.2 says that the kernel of H 1 (y t ; A) −→ H 1 m (A) has Hilbert series T 1−t . Indeed, this map is
with the kernel being the rank 1 vector space generated by x ∈ [A(t)/Ay t ] 1−t .
Lastly, note that the image of H 1 (y t ; A) −→ H 1 m (A) has Hilbert series T −1 + T −2 + T −3 + · · · + T −t which agrees with the Hilbert series of H 1 m (A) as t −→ ∞. Example 4.4. Let A be as in Theorem 3.2 where f (x x x) has degree b. Then the ring A is not Cohen-Macaulay, and the Künneth formula gives Since B and C are each Gorenstein with a-invariant 0, the ring A is quasi-Gorenstein by [GW, Theorem 4.3.1] . Hence Theorem 4.1 says that H b+c−3 (m; A) −→ H b+c−3 m (A) is nonzero, while Theorem 4.2 implies that the kernel has Hilbert series
We conclude this section with an example where A is not Cohen-Macaulay or quasi-Gorenstein, but the map
Example 4.6. Let k be a field, and set A := k[x, y, z]/(xz, y 2 , yz, z 2 ). Then dim A = 1, and x is a homogeneous parameter. The Koszul complex 
The ring A is not S 2 , and hence not quasi-Gorenstein.
Note that H 0 m (A) = zA is a rank 1 vector space concentrated in degree 1, so Theorem 4.2 also confirms that ker H 1 (m; A) −→ H 1 m (A) has rank 3, and is concentrated in degree 0. For integers t 2, Theorem 4.2 says that the kernel of H 1 (x t ; A) −→ H 1 m (A) has Hilbert series T 1−t . Indeed, H 1 (x t ; A) has Hilbert series
STANLEY-REISNER RINGS
The examples in this section involve Stanley-Reisner rings; we recall some basics. Let ∆ be a simplicial complex with vertices 1, . . . , e. For k a field, consider the polynomial ring k[x 1 , . . . , x e ] and the ideal a generated by the square-free monomials
The ring A has a Z e -grading with deg x i being the i-th unit vector; this induces a grading on theČech complex C • (x x x; A). The module 
where s j := rank H j−1 (∆; k), with ∆ denoting the underlying simplicial complex.
Proof. The hypotheses that A is equidimensional and that A p is Cohen-Macaulay for p = m imply that each local cohomology module H j m (A), for j < n, has finite length. Let F denote the k-algebra endomorphism of A with x i −→ x 2 i for each i. Then F is a pure endomorphism by [SW, Example 2.2] , so the induced map
is injective for each j. Using the Z e -grading from the preceding discussion, F restricts to an injective map Example 5.2. Consider the simplicial complex corresponding to two disjoint line segments; the corresponding Stanley-Reisner ring A, over a field k, is
The ring A has dimension 2, and is not Cohen-Macaulay since
Since A is equidimensional and Cohen-Macaulay on the punctured spectrum, Corollary 5.1 says that the kernel of H 2 (m [t] ; A) −→ H 2 m (A) has Hilbert series 4T −t for each t 1. This is consistent with the following table, where we record the rank of the vector spaces
as computed by Macaulay2 [GS] , in the case k is the field of rational numbers. Entries that are 0 are omitted. The last row records the rank of
which may be obtained using the exact sequence Note that for the ring A := R[x, y, ix, iy] in Example 2.1, the tensor product A ⊗ R C is isomorphic to C[x 1 , x 2 , x 3 , x 4 ]/(x 1 x 3 , x 1 x 4 , x 2 x 3 , x 2 x 4 ) since A ∼ = R [x, y, u, v] /(x 2 + u 2 , y 2 + v 2 , vx − uy, xy + uv), and hence A ⊗ R C is isomorphic to C[x, y, u, v] / (u − ix, v − iy) ∩ (u + ix, v + iy) . . , x 6 ] modulo the ideal generated x 1 x 2 x 3 , x 1 x 2 x 4 , x 1 x 3 x 5 , x 1 x 4 x 6 , x 1 x 5 x 6 , x 2 x 3 x 6 , x 2 x 4 x 5 , x 2 x 5 x 6 , x 3 x 4 x 5 , and x 3 x 4 x 6 . Note that dim A = 3.
Suppose the field k has characteristic other than 2. Then A is Cohen-Macaulay, see for example [Ho2, page 180] , so the natural map H 3 (m; A) −→ H 3 m (A) is injective by Theorem 3.1. However, A is not Gorenstein: the socle of the homomorphic image of A modulo a system of parameters has rank 6.
Next, suppose k has characteristic 2; then A is not Cohen-Macaulay since
Indeed, in this case, A has depth 2, and the canonical module of A may be computed as are recorded in the next table, with the last row computed as in the preceding example, using that A is quasi-Gorenstein, with a-invariant 0. 
